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Abstract. We study the energy space for the Gross-Pitaevskii equation with 
... magnetic field and non-vanishing conditions at infinity. We provide necessary 

OO ' and sufficient conditions on the magnetic field for which the energy space is 

^ ^ , non-empty. 

o 

1. Introduction 
^^ • Let us consider the Gross-Pitaevskii equation with magnetic field, 

(LI) ?9tV = (V - iA)V + (1 - IV-nV- inMxR2, 

Q^ ' where -0 is a complex- valued wave function and A S C^(M^; M^) is a given magnetic 

•^ . potential - the magnetic field being, 

^ '. (1.2) B^cmlA. 

-)— » . 
2 ' Setting A — 0,-we get the usual Gross-Pitaevskii equation, which is being intensively 

studied, see for instance the papers [HISlHj, where solutions with non- vanishing 
conditions at infinity appear to be of particular interest. 

When seeking solutions of (|l.ip with non- vanishing conditions at infinity, the nat- 
ural set-up is to work in the energy space, 

(L3) £b = {i^ e Hl^,{R^;C) : (V - i^)^' , 1 - |VI' e ^'(M^)} . 

f^ ' The rough justification is that Eq. I|L1| appears formally as the Hamiltonian 

^^ , evolution of the Ginzburg-Landau energy!^ 

o 

OO 

O 



O: (L4) EbW = U (\{S7~^A)i,\' + hl-\^p\^)Adx. 



% 



In the presence of magnetic fields, i.e. when B does not vanish, it is far from obvious 
that the energy space (|1.3p is non-empty for any magnetic potential A. As we shall 
see, this will be entirely dependent on the magnetic field B (for instance, when B 
is constant, £b will be empty). 

Theorem 1.1. Assume that the magnetic field satisfies 

(L5) BeCi(R2;M)nL°°(R2;M), B{x)>0 V x e R^^ 



and let A be any magnetic potential satisfying l^l.2\) . Then the energy space Eb is 
non-empty if and only if B £ L^(R^;R). 

Remark 1.2. (1) We drop the magnetic potential A from the notation due to 

gauge invariance. Actually, if V' G ^[^^.(R^) is such that Eb{iIj,A) < oo, 
then for all x e H^^ci^"^), EB{^e'^,A + Vx) < oo. 
(2) Thanks to gauge invariance, we may always assume, under the assumptions 
made in Theorem fTTl that A&C'^{R'^). 



We may some times write -Bs(i/',^) instead of Eb(iP), in order to point out the dependence 
on A. 
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(3) If one may pick a potential A' £ L^(M^) such that curl A' — B, then it 
is clear that the energy space £b is non-empty, as it contains a function 
of constant module, e^^. Actually this will be shown to be the case if we 
assume, in addition to the hypotheses made in Theorem 11.11 that B G 

(4) As an immediate corollary of Theorem ll.l^ if the magnetic field is constant 
or more generally if 

B{x) -^ c as |a;| — > cx) , c > , 

then the energy space £b is empty. 

(5) The hypotheses on the sign of B is to establish the necessary condition. As 
one may check through the proof, this can be relaxed to B of constant sign. 



The hypotheses made in Theorem ll.ll on the magnetic field B are physically rele- 
vant and fit the regimes observed in the analysis of the Ginzburg-Landau functional, 
as one might see the books |6l [7]. However, we may give further generalizations 
when dropping the hypothesis that the magnetic field is bounded and positive, as 
we indeed do in the next two theorems. 

Theorem 1.3. Assume that the magnetic field satisfies B e C^(R'^;M) and B = 

curM for some A e L°°(R'^;R'^) such that div A e L°°(M.'^;R). 

Then the energy space £b is non-empty if and only if B ~ curly4' for some A' G 

Theorem 1.4. Assume that the magnetic potential satisfies, 

^eC\R2), VAeL°°(R2). 

Then the energy space £b is non-empty if and only if B = cwilA' for some A' G 

L2(K2;R2)_ 

Theorems 1 1 . H 1 .41 support the following conjecture. 

Conjecture 1.5. Let B £ C(R'^). Then the energy space £b is non-empty if and 
only if B = cnrlA' for some A' e L'^{M?]R^). 

We finally conclude by mentioning that we use two dimensional tools in han- 
dling Theorems 1 1 . llfTTij that's why we could not extend them to three dimensions. 
However, as one may check through the proofs, it still holds in three dimensions 
that the energy space is empty when the magnetic field is constant. Therefore, it 
sounds reasonable to believe that the results extend to three dimensions as well. 

2. Preliminaries 
We start with some observations concerning the Ginzburg-Landau equation in 

(2.1) - (V-iA)V= (1- IV'I^)V' inM^ 

Lemma 2.1. Assume that A e C^{R^;M:^). Let tp G C'^{M.'^;C) be a solution of the 
Ginzburg-Landau equation i2.1]) . Then \ip\ < 1- 

Proof. This is a classical consequence of the strong maximum principle, see [TJ 
Chapter 3]. D 

Lemma 2.2. Let A G LJ^j.(M^;M^). // the energy space £b is non-empty, then 
there exists a finite-energy solution "0 G £_b of the Ginzburg-Landau equation (2.1]} . 
Lf we assume in addition that B G C{M.'^), then up to a gauge transformation, 

^GC2(R2). 
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Proof. The energy space being non-empty, we denote by 

Co = inf Eb{iI^)- 

We shall prove that Eb admits a minimizer in £b- To that end, pick a minimizing 
sequence (tpn) in £b such that 

EB{4'n) ^ Co as n ^ oo . 

Then, ipn is pre-compact in i?^(i?(0, i?);C) for all R > 0. Consequently, using a 
standard diagonal argument, we may pick a subsequence, still denoted by (ipn), and 
a function i/j e iJ[Q^(M^) such that 

V'n^V' weakly in i/i(B(0,i?);C), V i? > . 

By lower semi-continuity of the i/^-norm, the continuous embedding of H^ in L^ 
and the locally compact embedding of H^ in L^, it holds that, 

(\iV-^A)yJ\' + hl~\^P\^)Adx 

B{0,R} \ ^ J 

< liminf / f |(V - iA)^,f + i(l - \^n\^)A dx < 2co . 

n^oo JB{a,R) \ ^ ) 

The radius i? > being arbitrary, we deduce that Esii^) < co, hence ip ^ Sb and 
minimizes Eb- □ 

Knowing more information about the magnetic potential A, we may precise the 
behavior of finite-energy solutions of (|2.ip as \x\ — > oo. 

Lemma 2.3. Let A e L°^(R^;R'^) be such that div A G L°°(M.^) and curl A e 
C(K^). If ip is a finite-energy solution of f2.1]) . then 1 - \ijj\'^ G H^{R'^), hence 
\ipix)\ ^ 1 as \x\ -^ oo. 

Proof. Setting (p — 1 — \ip\'^ , it is easy to establish that, 

-Aif -f 2v? = I (V - iA)ip\'^ + 2ip'^ in R^ . 



Using the bound \tp\ < 1 of Lemma 12711 and the fact that EbU^) < oo, we infer that 

ip e H^iR"^) and ip^ £ L^iR"^). By showing that |(V - iA)^\ G L^(R^), we invoke 
the L^ regularity of —A -I- 2 and we deduce the desired result, ip G 7?^(M^). 
So, let us establish that |(V - iA)ip\ G L^iR"^). Setting v = {V - iA)^;, we know 
that V G L^(M^) since ■0 has finite energy. For instance, it holds that, 

-(V - iAfv = (1 - \i}\^)v - 2V'|V'| VIV'I . 

Thus, using the diamagnetic inequality, |(V — iA)ip\ > \ VlV"! |, the bounds IV'I < 1 
and Eb{iP) < oo, we deduce that (V - iA)'^v G ^^(R^). 

Up to now, we have not used the hypotheses on A. We shall need them to show 
that Aw G L2(R2). Actually, it holds that, 

Av = 2iA -Vv + i (div A)v- \A\'^v . 

Since v G L^(R^), we deduce that Av G L^(R^). Consequently, we obtain v G 
i7^(R^). Using Sobolev embedding, we get what we desire to prove. D 

Lemma 2.4. Let A G C1(R2;R2) jg gy^^h that VA G L^{M.'^). If Tp is a finite- 
energy solution of f2.1]) . then \ip{x)\ -^ 1 as \x\ — > oo. 

Proof. Let us establish in a first step that |(V — iA)ilj\ G i°°(R^). Assume by 
contradiction that there exists a sequence (x„) such that 

(2.2) ICS/ — iA)ip\{xn) -^ oo as n — > oo . 
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Define the translated functions, 

^nix) = 1p{Xn + x) , A„{x) ^ A{Xn + x) . 

Then, ^n satisfies the following equation, 

-AV-n + 2iA„ ■ Vipn + i(div^„)V'„ = (1 - IV'^HV'™ + l^nlVn in M^ 
Take R > 0, p > 2 and let us establish the existence of positive constants Cr, 
Cr.p > and a function Xn G -^locl-'^^) such that, upon setting A[^ = A — Vxn and 

(2.3) \\A'Jl^^b,^)<Cr, yn\\w^.p(Bn)<CR,p, VnGN. 

Once this is shown to hold, </?„ becomes bounded in W'^'P{Br), and hence, by the 
Sobolev embedding theorem, in C^'°'{Br) for any a G (0,1). Since C^'°'{Br) is 
compactly embedded in C^{Br), we get a function Lp e C^{Br) such that, upon 
extraction of a subsequence, (/9„ converges to (p locally in C^ . Thanks again to l|2.3p . 
we get a constant vector a G M^ such that by passing to a further subsequence, 

I (V - iA'^)--Pn I (0) -> I (V - ia)ip\{{)) as n -> cx) . 

Coming back to the initial coordinates and gauge, this is in contradiction with l|2.2p . 
Now we show why l|2.3p holds. Actually, setting Xn{x) = A„(0)a;, we get by the 
definition of A'^ and the mean value theorem, 

\A'^{x)\ = |A„(a;)-A„(0)| < \\VA,,\\l^^b^)\x\ < i?||VA|Uo.(R2) , ^ x^Br. 

The equation of ipn becomes, 

2^,„ , I Al |2,„ • m2 



-A(^„ + 2iA[^ ■ Wipn + i{divA'Jipn = (1 - l^nH^Pn + \A'„\^(p. 



m . 



By Lemma [231 |(p„| < 1, hence there exists a constant Cr > such that, 

||A<^„|Up(b„) <Cr + 2||A'„|U»(b„) X ||V(^„|Up(s^), V p > 2 . 

Moreover, since fn has finite energy, we get by L'^ elliptic estimates that (/?„ S 
H^{Br). Using the embedding H^{Br) ^^ W^p{Br) for all p > 2, we conclude 
through LP estimates that (/?„ G W^'P{Br), proving thus the desired bound in 
(12:311 . 

Now, having proved that (V — iA)ip G i°°(M^), we deduce by the diamagnetic 
inequality that Vlipl G L°°(R^). Therefore, |V'| is globally Lipschitz in M^, and 
since ^ has finite energy, 1 — \^\'^ G L^{M.'^). This leads to the desired conclusion, 
1- |V'(a:)|2 ^0 as |a;| ^oo. □ 

We close the section by recalling a result from the spectral theory of magnetic 
Shrodinger operators. 

Lemma 2.5. Under the assumptions of Theorem \l.l[ there exists a constants C > 
such that, for all ip G H^{M.^; C) and R > 0, the following inequality holds, 

[ \{V-iA)i:\'dx>l [ BixM'dx--^ [ mx)\'dx. 

JB{a,R) ^ Jb{0M/2) ^ J B{0,R)\B(0,B./2) 

Proof. Let x be a cut-off function such that < x < 1j X = 1 in [0, ^] and x = 

in [1, cxo). Put 

Xfl(2:)-xf^') yxem.\ 

Next, we write, 

|(V-a)V'pdx > / \xR{y ^ iA)iP\^ dx 

B{0,R) Jb(0,R) 



>\l \iV-iA)ixR^)fdx- f |^Vxfl.|'d.T. 

^ Jb{o,r) Jb{o,r) 
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To finish the proof, we just use the following well known inequality (see [2] or [6l 
Lemma 2.4.1]), 

/ \{V ~ iA)(j}\'^ dx > ± [ B{x)\(t>fdx, W (t)£H^{B{0,R)). 

Jb{o,r) Jb{0,R) 

n 



3. Proof of main theorems 
3.1. Proof of Theorem [TTTl 

3.1.1. Necessary condition. Assume that the energy space £b is non-empty. Using 
Lemma mil there exists a solution ip G £b oi the Ginzburg-Landau equation l|2.ip . 
Thanks to Lemma [2?H we have the uniform estimate 1-01 < 1- 
We would Hke to show that B G L^(R^). To that end, it is sufficient to bound 

/ B{x) dx uniformly with respect to R € (1, oo). 

Jb{o,r) 

We therefore apply Lemma [231 (with ^p as above, a solution of (|2.ip ). We get, 

f \{y-iA)^l^\^dx>\ [ BixMfdx--^ [ IVi'dx. 

JRS ^ Jb{0.B./2) -n- Jb{0,R}\B{0,R/2) 

Using the bound \ip\ < 1, we infer from the above estimate, 

(3.1) [ \{V-iA)i;\'dx>l- f B{xM^dx-^. 

JR2 ^ Jb{0,R/2) 4 

So, let us handle the first term in the right hand side above. 
We write, 

B{x)\i;\^dx^ [ B{x)dx+ [ B{x){\^\^ - 1) dx . 

B{0,R/2) JB{a,R/2} Jb{0,R/2) 

Applying a Cauchy-Schwarz inequality, we get for all e G (0, 1) (remark that |-0p — 
1<0), 



/ B{x){\i:f~l)dx>-ef \B{x)fdx-e-^f (1 - l^-l^)^ dx . 

Jb{0,R/2) Jb(0,R/2) Jb{0,R/2) 

Consequently, knowing that B is bounded and positive, we infer that 

/ BixM^dx > (l-e||i?|U^(R2)) / B{x)dx 

Jb{0,R/2) Jb{0,R/2) 

-£-1 / (l-|0p)2da;. 

Jb{0,R/2) 

Choosing e = i(||i?||^oo(jj2') + l)"'^ and replacing the above estimate in p.ip . we 
deduce that, 

7/ Bix)dx<C'iEBW + l) , Vi?>l, 

4 Jb{q,r/2) 

where C" = max (l, ^^, i(||i?||ioo(jj2') + 1)). Since the energy fs(V') is finite, we 
get the desired uniform bound. 
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3.1.2. Sufficient condition. Assume now, in addition to the hypotheses made in 
TheoremOl that B e ^^(K^). Then we get that B G LP(R2) for all p > 1. Our 
aim next is to construct a magnetic potential A' e L^(R^; M^) such that curl A' = B. 
Define r2(x) — ^ln|x|, the fundamental solution of the Laplacian in two dimen- 
sions. Setting w — T2* B, we get w £ L^(R^) (see \5^). Actually, taking q S (1, 2), 
we know that r2 G W^''^{R'^). Then using Young's inequality, 

||r2 * i3||L2(R2) < ||r2||L<j(R2) X ||i3l|ip(R2) , - + - = - + 1 , 

we deduce that w = r2 * B e L'^{M.'^). 
Now, we observe that, 

Aw = B inM^ w e L'^{m.'^) , 

from which we invoke w G _ff^(R^). Let us now define the magnetic potential A' 
by A' = V^w = {-d^^w,d^^w). Then A' G L'^{R'^) and satisfies, 

curlA' = B, divA'^0 in M^ 

which is what we desire to prove. 

3.2. Proof of Theorems 11.31 and II. 4L The sufficient condition being immediate 
(see Remark 1 1.2p . we assume again that the energy space is non-empty, £b y^ 9. 
Therefore, by Lemma [TTl there exists a solution ^ of (|2.ip such that Eb{^) < 00. 
Furthermore, \ip{x)\ ^ 1 as \x\ -^ 00. Actually, under the hypotheses of Theo- 
rem [L3l we use Lemma [231 and under those of Theorem 1 1.41 we use Lemma [231 
Now, up to a gauge transformation, we may assume that tp G C^(R^). Thus, we may 
write tp = pe'-^, p = j-i/'l, for a smooth real-valued function x- From Eb{'4') < 00, 
we infer 

/ /9^|A- Vxl^dx < 00. 

Setting A' = A- Vx, we get that A' G L'^{R?) in fight of p -+ 1 as |a;| -> cx). 
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